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ABSTRACT Dynamic structure factors for a lipid bilayer have been calculated from molecular dynamics simulations. From
trajectories of a system containing 1024 lipids we obtain wave vectors down to 0.34 nm�1, which enables us to directly resolve
the Rayleigh and Brillouin lines of the spectrum. The results confirm the validity of a model based on generalized hydrodynamics,
but also improves the line widths and the position of the Brillouin lines. The improved resolution shows that the Rayleigh line is
narrower than in earlier studies, which corresponds to a smaller thermal diffusivity. From a detailed analysis of the power spec-
trum, we can, in fact, distinguish two dispersive contributions to the elastic scattering. These translate to two exponential relax-
ation processes in separate time domains. Further, by including a first correction to the wave-vector-dependent position of the
Brillouin lines, the results agree favorably to generalized hydrodynamics even up to intermediate wave vectors, and also yields
a 20% higher adiabatic sound velocity. The width of the Brillouin lines shows a linear, not quadratic, dependence to low wave
vectors.
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INTRODUCTION

The dynamics of biological membranes can be characterized

and measured in different ways. Some experimental tech-

niques measure the motion of individual atoms and mole-

cules, whereas others probe more or less collective motions.

Molecular dynamics (MD) simulations produce trajectories

of the individual atomic motions, but may also be analyzed

in terms of collective motions. Here we concentrate on the

application of such simulations to reproduce and interpret

collective motions. Inelastic scattering of x rays or neutrons

(1–3) traditionally probes local density fluctuations at short

time- and length-scales, typically 10�12 s and 10�10 m.

Advances in neutron scattering techniques based on spin-

echoes have recently extended these scales dramatically (4).

On longer time- and length-scales, (Brillouin) light scattering

can be used to probe the hydrodynamic behavior. This has

been done for simple liquids (5). The theoretical framework

wherein all these experiments are interpreted is generalized

hydrodynamics (6,7). At an early stage, MD simulations

were employed as a complement to experiments for monitoring

this kind of dynamics (8–13). Data obtained from simulations

of a few hundred simple liquid atoms for some hundreds of

picoseconds, showed features predicted by generalized hydro-

dynamics, in agreement with the experiments (5,14,15). Taken

all together, this furnished strong evidence for the validity of

generalized hydrodynamics for simple liquids.

Lipid bilayers are fluidlike in two (lateral) dimensions, but

they are ordered in the third (normal) dimension. The hydro-

carbon core consists of fatty acid chains that are dominated by

the nonbonded Lennard-Jones interactions. This means that

motions in the lateral dimensions have similarities with
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simple Lennard-Jones fluids like Argon. The connectivity

of the chains in the normal dimension, and the electrostatic

interactions in the headgroup/water region makes, however,

the lateral motion over larger distances slower, different,

and more complex, compared to that in simple fluids. Biolog-

ical membranes show dynamics on many temporal and spatial

scales (see, e.g., (16)). This includes coherent collective

motions like undulations of the bilayer, area-thickness fluctu-

ations, and more localized motions involving fewer atoms,

like the reorientation of the hydrocarbon tails of the lipids

(which has been extensively monitored by nuclear magnetic

resonance techniques).

Traditional experimental inelastic scattering from

membranes covers angular frequencies in the interval (0.4–

40)� 1012 rad/s (E¼ -u¼ 0.25–25 meV), and wave vectors

in the approximate interval 4.5–30 nm�1 (1,2). Advances in

neutron scattering using spin-echo techniques (4,17) have

extended this wave vector interval with several orders of

magnitude down to 0.01 nm�1. The rapid angular frequen-

cies corresponding to timescales in the picosecond range

are easily accessible in MD simulations, even though exper-

iments as well as simulations require a substantial amount of

sampling to produce something beyond noise.

The high wave vectors, which translate to short wave-

lengths, can, without trouble, be reached from MD simula-

tions. When the wave vectors become much larger than the

inverse distance between nearest-neighbor lipids, the

continuum picture will eventually break down. The details

of how and when this occurs is an interesting problem in it-

self but not the focus of this study. Instead, we concentrate

on the other end of the wave vector interval, where we expect

continuum theories like generalized hydrodynamics to be

valid. Earlier simulation studies on pure lipid bilayers have

restricted their studies to vectors down to ~4.5 nm�1. It is
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clear from experiments (18) as well as those simulations (19)

that one is just starting to probe the hydrodynamic regime at

these distances. It is thus highly desirable to extend the moni-

tored wave vectors further down in experiments as well as

simulations. In the latter case, this is solely a question of

simulating a large enough system for long enough time.

The aim here is to push the length-scale one order of magni-

tude and run the system long enough to get reliable statistics

that makes a direct comparison with theory possible without

using window functions or running averages. The hope is

also to determine macroscopic material constants from

a microscopic description in agreement with a continuum

picture. For this purpose, we have studied a system consist-

ing of 1024 lipids in six separate 24-ns simulations and

are able to probe the dynamic structure factor down to

0.34 nm�1. One may note that this corresponds to a 16-

times-larger system simulated for orders-of-magnitude

longer time than the pioneering study by Tarek et al. (19).

The results show that, for low wave vectors, the lipid

bilayer can be described by the linearized hydrodynamic

equations, which lead to the well-known Rayleigh-Brillouin

triplet shape of the dynamic structure factor. However, as the

wave vectors increase, the deviations appear, as described in

Results and Discussion. Material constants were extracted

from the low wave vectors and were found in agreement

with known results.

THEORY

The atomistic picture: density-density correlation
functions

Equilibrium fluctuations in the local number density r(r, t) of

a liquid may be characterized by the van Hove correlation

function (20)

Gðr; tÞ ¼ V

N
hrðr0; t0Þrðr0 þ r; t0 þ tÞi: (1)

Here V is the volume, N the number of particles, and the

brackets denote an average over all initial times t0 and posi-

tions r0. For a system consisting of N pointlike particles the

number density can be expressed as

rðr; tÞ ¼
XN

l¼ 1

dðr� rlðtÞÞ; (2)

which means that the van Hove correlation function may be

written

Gðr; tÞ ¼ V
N

P
l;m

�
dðr0 � rlðt0ÞÞ dðr0 þ r� rmðt þ t0ÞÞ

�
h

1

N

1

T

XN

l¼ 1

XN

m¼ 1

Z T

0

dt0

Z
R3

d3r0 dðr0 � rlðt0ÞÞ

� dðr0 þ r� rmðt þ t0ÞÞ; ð3Þ

where the time average over a finite time interval of length T
has been explicitly written as an integral. Because the lipid
bilayer is fluidlike only in the lateral dimensions (x, y), we

average over the normal direction (z) and, from now on,

regard only correlation functions in two dimensions. We

then introduce a spatial Fourier representation of the number

density

brðk; tÞ ¼ Z
R2

d2r eik , r rðr; tÞ ¼
XN

l¼ 1

eik , rlðtÞ: (4)

The system is isotropic in x and y and thus r(k, t) will not

depend on the direction of k but upon jkj h k only.

Following the procedure of Boon and Yip (6), the interme-

diate scattering function is introduced as the spatial Fourier

transform of the van Hove correlation function

Fðk; tÞ ¼
Z

R2

d2r eik , r Gðr; tÞ

¼ 1

T

Z T

0

dt0 br�ðk; t0Þbrðk; t0 þ tÞ; (5)

with the asterisk denoting complex conjugation. The

dynamic structure factor, S(k, u), which is directly deter-

mined in scattering experiments, is the temporal Fourier

transform of the intermediate scattering function

Sðk;uÞ ¼
Z N

�N

dt e�iutFðk; tÞ ¼ bbr �ðk;�uÞbbrðk;uÞ
¼
��bbrðk;uÞ��2; (6)

with the Fourier transform in time and space of the number

density being

bbrðk;uÞ ¼ XN

l¼ 1

Z þN

�N

dt eiðk , rlðtÞ�utÞ: (7)

We note that since F(k, t) is a real function which is even

in t, the dynamic structure factor will be even in u. The

numerical computation of S(k, u) is considerably simplified

since the time integral in Eq. 5 is a convolution integral,

which will generate a simple square in Fourier space.

Another quantity of interest is the longitudinal current,

defined as

jðr; tÞ ¼
XN

l¼ 1

drlðtÞ
dt

dðr� rlðtÞÞ: (8)

It is easily shown (see, e.g., (6)) that the Fourier transform

in time and space of the correlation function of this current is

directly given in terms of the dynamic structure factor from

the relation

Jðk;uÞ ¼ u2

k2
Sðk;uÞ: (9)

Depending on the situation, it may be convenient to study

one or the other of these quantities.
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The continuum picture: generalized
hydrodynamics

The hydrodynamic equations are phenomenological transport

equations, valid at temporal and spatial scales for which the

properties of the liquid vary weakly. We give here a brief review

of the derivation of S(k, u) from these equations. More detailed

treatments may be found in the literature (6,7,21).

The state of the liquid is characterized by the number density

r(r, t), the absolute temperature T(r, t), and the velocity v(r, t).
The treatment is simplified by separating out the uniform equi-

librium number density r0 and temperature T0, leaving us with

the fluctuating variables r1(r, t) ¼ r(r, t) – r0 and T1(r, t) ¼
T(r, t) – T0, which obey three equations. These are the conti-

nuity equation which accounts for the conservation of the

particle number, the linearized Navier-Stokes equation, which

accounts for the conservation of momentum and the energy

transport equation,

vr1

vt
þ r0V , v ¼ 0

r0

vv

vt
þ c2

g
½Vr1 þ ar0VT1� �

�
4

3
hS þ hB

�
VðV , vÞ ¼ 0

r0cV

vT1

vt
� cVðg� 1Þ

a

vr1

vt
� lV2T1 ¼ 0

9>=>;:

(10)

In these expressions, c is the adiabatic sound velocity, and

g ¼ cP/cV is the ratio between the specific heats at constant

pressure, cP, and constant volume, cV. Further, the equations

contain the shear and bulk viscosities hS and hB, the thermal

expansion coefficient a, and the thermal conductivity l. The

equations describe the fluid as a locally homogeneous and

isotropic continuum at (local) thermodynamic equilibrium

for which the transport processes are described by linear

laws with constant coefficients.

Elimination of the velocity and introduction of Fourier-

Laplace representations for the density and temperature leads

to a closed analytical expression for the Fourier-Laplace

transform of the number density

~br ðk; sÞ ¼ Z N

0

dt e�st

Z
R2

d2r eik , r r1ðr; tÞ

¼ brðkÞ s2 þ ða þ bÞk2s þ abk4 þ c2ð1� g�1Þk2

s3 þ ða þ bÞk2s2 þ
�
c2k2 þ abk4

�
s þ g�1c2ak4

;

(11)

where a ¼ r0
�1cV

�1l and b ¼ r�1
0 ð43hS þ hBÞ. The denom-

inator is a third-order dispersion equation with the roots

given in a small k-expansion as

s0 ¼ �g�1ak2 þ O
�
k4
�
;

s 5 ¼ 5 i
�
ck þ O

�
k3
��
� 1

2
ðað1� g�1Þ þ bÞk2 þ O

�
k4
�
:

(12)

Exact expressions for the three roots are formally available

but not very practical due to their complexity. The higher
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order terms of Eq. 12 have anyhow been worked out in detail

elsewhere (22).

Using Eq. 11 we may construct the Laplace-Fourier trans-

formed density-density correlation function hbr�ðkÞ~brðk; sÞi,
and from this the dynamic structure factor

Sðk;uÞ ¼ 2 Re lim
e/0

�br�ðkÞ~brðk; s ¼ e þ iuÞ
�
: (13)

The last relation holds because S(k, u) is real and an even

function of u. We identify the static structure factor as

SðkÞ ¼ 1

2p

Z þN

�N

du Sðk;uÞ ¼
�br�ðkÞbrðkÞ�; (14)

and make a somewhat tedious partial fraction of Eq. 11.

Some additional algebraic manipulations finally yield

Sðk;uÞ
SðkÞ ¼ A0

Gh

u2 þ G2
h

þ As

"
Gs þ xðu þ usÞ
ðu þ usÞ2þG2

s

þ Gs � xðu� usÞ
ðu� usÞ2þG2

s

#
: (15)

To obtain this functional form for S(k, u) the notation has

been simplified by introducing a number of parameters. With

S(k) defined as in Eq. 14, these are A0 ¼ 2(g � 1)/g; As ¼
1/g; Gh(k)¼ DTk2; Gs(k)¼ bk2; and us(k)¼ ck, where DT¼
g�1a is the thermal diffusivity. The sound attenuation coef-

ficient b is 1
2
ðað1� g�1Þ þ bÞ and the asymmetry parameter

is given by x(k) ¼ [b þ DT(g � 1)]c�1k. A schematic plot of

Eq. 15 versus u is shown in Fig. 1.

Hence the power spectrum becomes a Rayleigh-Brillouin

triplet consisting of three Lorentzian lines with widths Gh

and Gs centered at u ¼ 0 and u ¼ 5us, with x(k) deter-

mining the asymmetry of the two Brillouin lines and causing

a slight shift of these toward the central Rayleigh peak.

FIGURE 1 Schematic view of the dynamic structure factor according to

a three-mode model. Typical Rayleigh and Brillouin peaks are drawn with

solid lines and also Brillouin lines for larger values of k where the asymme-

try appears (dashed and dotted lines).
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METHODS

Simulations setup

Molecular dynamics (MD) simulations were performed with the GRO-

MACS 3.3.2 software (23), on a patch of dimyristoyl phosphatidylcholine

(DMPC) membrane bilayer consisting of 1024 lipids, 512 in each leaflet.

The simulation box used for production runs was a rectangular parallele-

piped of size 18.55 � 16.55 � 5.82 nm with periodic boundary conditions

employed in all directions. The force field used was that of Berger et al.

(24), which provides a united-atom model for the hydrocarbon groups of

the lipid molecules. Lennard-Jones interactions were treated with a 1.0-nm

cutoff and the long-range electrostatic interactions using PME (25,26)

beyond 1.0 nm, the same radius as for the neighbor list (which was

updated every 10th simulation step). The equations of motion were inte-

grated with a Verlet algorithm using a 4-fs time step and constraints on

bond lengths.

The system was prepared from a smaller, well-equilibrated configuration

consisting of 256 fully hydrated DMPC molecules (nw¼ 23 water molecules

per lipid), which was replicated four times and put together into one large

patch. The large system was then equilibrated for 10 ns in the isothermal-

isobaric (NPT) ensemble, controlling the temperature at 300 K and the pres-

sure at 1 bar, using the Berendsen weak coupling algorithms (27). After that

the Nosé-Hoover thermostat (28,29) and the Parrinello-Rahman barostat

(30,31) were used to ensure correct ensemble dynamics, resulting in a stable

La-phase of the lipids with an area per lipid AL ¼ 0.60 nm�2, in agreement

with experimental data (32,33). The lateral box dimensions and AL were kept

fixed in the final simulations by setting the compressibilities in the x and y

directions to zero. The pressure in the z direction was fixed to 1 bar using

the Parrinello-Rahman barostat. This anisotropic coupling resulted in a negli-

gible surface tension and kept the reciprocal k-vectors fixed throughout the

simulations.

Six identical systems were set up and simulated with separate initial

atomic velocities (generated as Maxwell-Boltzmann distributions from

different random seeds), allowing statistics to be collected from independent

simulations. Each system was simulated continuously for 24 ns. In theory,

this allows the sampling of correlation functions in the time domain from

4 fs up to 24 ns (corresponding to energy transfers from 1 eV down to

0.17 m eV). In practice, the decay of the correlation function and poor statis-

tics especially at long times and for small wave vectors result in statistical

errors of similar size to the correlation function itself beyond 0.4–4 ns.

For the main part of the analysis, we have therefore restricted us to the

time interval up to 400 ps corresponding to 0.01 meV. In an effort to resolve

the Rayleigh line in more detail at small angular frequencies, we extended

this analysis to 4 ns (0.001 meV).

Correlation functions from MD trajectories

S(k, u) was calculated as the absolute square of the time and space Fourier

transform of the atom number density (Eq. 7). Since the scattering in lipid

bilayers is dominated by the hydrocarbon groups (34) (unless some special

experimental technique or selective deuteration is used), the analysis was

restricted to the hydrocarbon groups of the lipid tails. The correlation func-

tions were calculated from the position of the bead representing the united

atom CH2 groups. Further, we averaged over the z coordinates and over

circles with radii k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

ni
þ k2

ni

q
, where i ¼ {x, y}. The periodic boundary

conditions in the simulations restrict the components of the wave vectors to

kni
¼ 2p

Li
ni, where ni values are positive integers and Li the simulation box

length in the i direction. All reciprocal wave vectors were sorted into equally

spaced bins in k space. The restrictions on the reciprocal vectors in combi-

nation with the box size rendered a resolution of 2p/Lmax z 0.34 nm�1 in

k space. Starting at this value, we analyzed wave vectors up to 30 nm�1,

above which real space distances are too small (< 0.2 nm) for collective

dynamics to be relevant.

Continuous chunks of full-precision MD trajectories were used for the

calculation of the dynamic structure factors. The angular frequency resolu-
tion Du ¼ 2p/T is limited by the simulation length T. For all calculations

and analysis, T ¼ 400 ps (corresponding to Du ¼ 0.01 meV) was used.

In addition, when determining the width of the Rayleigh line, an improved

resolution of Du ¼ 0.001 meV was tested using T ¼ 4 ns. Data was saved

densely (every time-step Dt ¼ 4 fs) in the simulations so that 20 sampled

points in each Fourier period produced accurate angular frequencies up to

2p/(20Dt) z 50 meV.

The procedure for computing the dynamic structure factor was to first

construct the Fourier representation of the atom number density, brðk; tÞ,
as a (complex) sum of exponentials (Eq. 4) directly from the full-precision

MD trajectory. That was done for each time step in all chunks. After comple-

tion of brðk; tÞ for a chunk, the huge trajectory was deleted to save space.

Storing the full MD trajectories would have required ~60 TB storage

capacity in total. By operating on the smaller pieces, only ~0.5 TB of data

repository was needed.

When brðk; tÞ had been computed for all times, a fast Fourier transform

(FFT) algorithm (35) was used for the time transform to calculate bbrðk;uÞ,
from which the dynamic structure factor is obtained as Sðk;uÞ ¼
jbbrðk;uÞj2. The dynamic structure factors were computed independently

for all pieces and all systems and then averaged over all chunks to reduce

statistical errors.

The dynamic structure factors computed from the simulation data were

numerically fitted to a three-mode model according to Eq. 15 using a Leven-

berg-Marquardt algorithm (36,37) and normalized with S(k), which was ob-

tained by numerical integration.

The window function

Experimental techniques such as inelastic scattering using x rays (1) or

neutrons (2) are limited by the instrumental resolution. Theoretically this

corresponds to a convolution of the raw data with a window function. The

functional form of the window function depends on the spectrometer, but

a Gaussian shape is often a good approximation. However, Lorentzian

window functions are often used in the analysis since they preserve the shape

of a spectrum consisting of Lorentzians and make an analytical deconvolu-

tion of the power spectrum possible. Deviations from that type of shape

result in a difference between the convoluted power spectrum and the true

power spectrum. To give a more detailed picture of how the power spectrum

is influenced by the convolution with a window function of width s, we

applied the Lorentzian

bf wðuÞ ¼
2s

u2 þ s2
; (16)

to our raw S(k, u) data. Computationally a convolution requires N2 opera-

tions, where in our case N ¼ 105–106. But in the time domain this corre-

sponds to a multiplication of the intermediate scattering function, F(k, t),

to an exponential function,

fwðtÞ ¼ e�t=t; (17)

with the falloff time t. Using a FFT algorithm (see above and (35)) the

frequency-to-time Fourier transform only requires N operations. Hence,

we first perform a backward (inverse) transform of our computed S(k, u)

to get F(k, t). We then multiply with the exponential function and carry

out a forward transform to get back to S(k, u), now convoluted with a Lor-

entzian window function of width s (corresponding to the falloff time t).

This procedure was used for three values: t¼ 2, 20, and 200 ps. The smallest

value is the same as used by Tarek et al. (19).

RESULTS

In this section we give a general overview, followed by

a detailed presentation of the results for the Rayleigh and

Brillouin lines. Finally the Landau-Placzek ratio is

Biophysical Journal 96(5) 1828–1838



1832 Brandt and Edholm
calculated. We focus on the regime of small wave vectors,

i.e., the behavior in the hydrodynamic limit. The comparison

to a three-mode model was done by fitting the data to Eq. 15

as a function of u for fixed values of k.

Most important is that the quality of the data permits a high-

energy resolution (Du¼ 0.01 meV) of S(k, u) for reciprocal k
values in the interval 0.34–30 nm�1. The spectrum can be

divided into three distinct domains: Low, k< 5 nm�1 (wave-

lengths l> 1.2 nm); intermediate, 5< k< 20 nm�1 (1.2> l>
0.3 nm); and high, k> 20 nm�1 (l< 0.3 nm). Fig. 2 shows the

dynamic structure factor for a number of selected wave

vectors in all domains. In Fig. 3 , we illustrate how different

amounts of sampling affect the dynamic structure factor at

the lowest wave vectors.

In the low k regime the dynamic structure factor is well

described by a Rayleigh-Brillouin triplet as predicted by

generalized hydrodynamic theory. For intermediate wave

vectors, the spectrum can still be described by three Lorent-

zians but the predicted relations from hydrodynamic theory
are no longer fulfilled. The Brillouin peaks more and more

take the shapes of shoulders on the Rayleigh peak, while, at

still larger wave vectors, the spectrum tends to three Lorent-

zians at u ¼ 0, making a separation of the Rayleigh line and

the Brillouin doublet unworkable. This trend is characterized

by a dispersion gap for the propagation of acoustic waves and

de Gennes narrowing of the power spectrum (38). In the high

domain (k up to 30 nm�1), the spectrum is dominated by the

diffusive Rayleigh line, whereas the intensities of the Bril-

louin lines are low. The Rayleigh line showed distinct devia-

tions from Lorentzian functional form in this regime.

The material constants from the hydrodynamic equations

that appear in the equation for S(k, u) (Eq. 15) were extracted

from the low k domain data (Table 1). These were the

thermal diffusivity DT, the sound-attenuation coefficient b,

the sound velocity c, and the ratio of the specific heats g.

They were all determined, in fair agreement with known

experimental values (39–42). Compared to some of the

earlier studies of collective chain dynamics in lipid bilayers
FIGURE 2 Dynamic structure factors for selected

wave vectors. In the low domain, k < 5 nm�1, the spec-

trum is a Rayleigh-Brillouin triplet. The intermediate

regime, 5 < k < 20 nm�1, shows the Brillouin modes

as shoulders on the Rayleigh line, which eventually

center and lead to a dispersion gap (de Gennes narrow-

ing) in the bilayer at ~kG. In the high domain, k >

20 nm�1, the intensities of the Brillouin modes are

low and the spectrum is dominated by the thermal

mode.

Biophysical Journal 96(5) 1828–1838
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(18, 19), the accuracy of the material constants is improved

since better energy resolution was used. This study furnishes

the best sampling at all k and u from MD simulations up to

now, and extends the range of k-vectors with approximately

one order of magnitude.

The Rayleigh line

The central Rayleigh line is extremely narrow, especially for

low k-values, and its width is related to transport of energy.

Hydrodynamics suggests that this width is proportional to

the wave vector squared, with the proportionality constant

being the thermal diffusivity, DT. Correlation function data

up to 400 ps in the time domain permits a resolution in

energy transfer of 0.01 meV. This was found to be insuffi-

FIGURE 3 The dynamic structure factor may be described as a Rayleigh-

Brillouin triplet in the low k domain. (Top) Raw simulation data at k ¼
0.34 nm�1 after 0.4 ns (medium shading), 2.4 ns (dark shading), and

144 ns (black). (Bottom, solid lines) Raw simulation data at k¼ 1 nm�1 after

0.4 ns (shaded) and 144 ns (black). (Dotted line) Convolution of the shaded

line with a window function of width s ¼ 1 meV.
cient at low wave vectors, whereas the separation of the Bril-

louin and Rayleigh lines was problematic at high wave

vectors where the precision was sufficient. Therefore, we

extended the part of the correlation functions used up to

4 ns, which allowed an energy resolution of 0.001 meV,

but with more poor precision at the lowest energies. The

width of the Rayleigh peak was determined from a least-

squares fit to a Lorentzian shape. By plotting the fitted data

versus wave vector, and focusing on intermediate values of k,

we were able to establish a quadratic dependence of Gh upon

k (Fig. 4). The error bars for low k were still large since the width

of the Rayleigh line is close to, or below, the energy resolution.

Thus, a thermal diffusivity DT¼ (4.2 5 0.05)� 10�11 m2 s�1

(Table 1) was obtained. We note that this gives a time constant

t ¼ G�1
h ¼ ðDTk2Þ�1

for an exponentially decaying interme-

diate scattering function that is 200 ns at k ¼ 0.34 nm�1,

24 ns at k¼ 1 nm�1, and 200 ps at k¼ 30 nm�1. These numbers

show why we have serious resolution problems.

The other way to go if data is too coarse to resolve the Ray-

leigh line is to use a window function in the fashion presented

in Methods. The width of a Lorentzian-shaped window

TABLE 1 Material constants determined from the low k

domain of S(k, u) from these simulations, inelastic x-ray

scattering experiments and earlier MD studies

Parameter c [m s�1] � 10�3 DT [m2 s�1] � 1010 b [m2 s�1] � 107

This article 0.42 5 0.05 2.8 5 0.6

us ¼ ck 1.670 5 0.084

us ¼ ck – c3k3 1.989 5 0.100

Chen et al. (18) 1.717 7.6 5 3.0 ~2

Tarek et al. (19) 1.370 6.8 5 3.5 ~3

Fluid Argon (44) 0.870 980 2.1

FIGURE 4 The width of the Rayleigh line, Gh, calculated by fitting simu-

lation data to Eq. 15 (circles). (Solid line) Quadratic fit, Gh(k) ¼ DTk2, to the

circles in the low and intermediate domains (k < 20 nm�1) with DT ¼ (0.42

5 0.05) � 10�10 m2/s. (Inset) Logarithmic plot of the Gh obtained after

convolution of the raw data with window functions that have different expo-

nential falloff times. (Dashed lines) Quadratic fits. The width of the window

function has been subtracted. The bias on data increases as t decreases,

changing DT (Table 2).
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function can be subtracted in the analysis to obtain the true

power spectrum. However, the use of a window function

limits the frequency resolution of the spectrum and influ-

ences, therefore, the calculated diffusivities. This can be

seen in the inset of Fig. 4 where the width of the Rayleigh

line from our raw data is compared to the width obtained

from the same data after convolution with window functions

of different falloff times t, and subtraction of the correspond-

ing window width, s. The thermal diffusivity DT changes

with more than one order of magnitude (Table 2).

We also note that it is difficult to obtain a good fit of the

Rayleigh line to a single Lorentzian. The top of the peak is

too narrow to match the width close to the base. A consider-

ably better fit can be obtained by using two Lorentzians that

differ approximately one order-of-magnitude in width

(Fig. 5). The two peaks translates to two exponential relaxa-

tion processes in the time domain

Fðk; tÞ ¼ ae�Gh1t þ ð1� aÞe�Gh2t: (18)

Similar dynamics has been reported from neutron scattering

experiments on fluid lipid membranes (17,43). In Fig. 6 , the

intermediate scattering function, F(k, t), obtained from the

simulations is compared to single- and double-exponential

fits, for a few selected values of k. The amplitude a deter-

mines the dominating process and generally the fast process

seem to dominate for large k, and the other way around for

low k. Both line-widths in Eq. 18 vary quadratically with

k but with different prefactors: 4.0 � 10�11 m2 s�1 and

6.5� 10�10 m2 s�1. The proportionality constant for the first

(slow) relaxation process is similar to the thermal diffusivity

obtained in the previous fit and gives the very narrow central

part of the Rayleigh peak. The second (faster) process gives

the broader base of the Rayleigh peak and is similar to the

thermal diffusivity reported by the literature (1,19). The

different prefactors could be interpreted as thermal diffusiv-

ities on separate timescales due to different heat conduction

mechanisms, but this remains to be worked out in detail.

The position of the Brillouin lines

The Brillouin doublet consists of two phonon modes that

correspond to propagating adiabatic waves in the membrane.

In S(k, u) these lines are characterized by their width, Gs,

and their position, 5us (Fig. 1). We constructed the dispersion

relations us ¼ us(k) and umax ¼ umax(k) from data. To be

coherent with the common nomenclature of generalized

hydrodynamics, umax(k) is the angular frequency at the

maximum for the longitudinal current correlation function,

TABLE 2 Influences on the thermal diffusivity DT from the use

of a window function with different falloff times t

t [ps] 2 20 200 N

DT [m2 s�1] � 1010 7.7 1.3 0.43 0.42
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J(k, u). These two similar, but different, quantities have

a tendency to be mixed up and regarded as equal. This is not

the case, as us is defined in Eq. 15, and umax is defined from

v

vu
Jðk;uÞ

����
u¼umax

¼ 0: (19)

Since J(k, u) ¼ (u2/k2)S(k, u), it follows that us s umax.

That said, there are obvious similarities between their disper-

sion relations (Fig. 7).

The quantity umax(k) shows a behavior that has also been

observed in simple liquids (see, e.g., (6)). The phonon

dispersion is linear for small k and reaches a maximum at

~7 nm�1 before decreasing to a nonzero minimum at

~kG ¼ 14.3 nm�1. The wave vector kG represents the posi-

tion of the chain-chain correlation peak in the static structure

FIGURE 5 The fit of the Rayleigh peak can be improved by assuming two

Lorentzian functions instead of one. One is a narrow peak, similar to the fit

of a single Lorentzian, and the other peak has a broader line width. The

thermal diffusivities obtained from a quadratic fit to the two line-widths

are 4.2 � 10�11 m2 s�1 and 6.5 � 10�10 m2 s�1. For small values of k,

the fitted values are uncertain.

FIGURE 6 The intermediate scattering function F(k, t) at 1, 5, and 20

nm�1. (Solid lines) Calculated from the simulation data. (Dashed lines)

Fits to single exponentials. (Dashed dotted lines) Fits to the sum of two

exponentials (Eq. 18).
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factor (Fig. 8) and relates to a characteristic distance 2p/kG

z 0.44 nm between the hydrocarbon tail groups. After

that the curve increases more or less linearly again.

The quantity us(k) shows similar features but also impor-

tant differences. The dispersion curve maximum is lower

than for umax(k) and located at 6 nm�1. In hydrodynamic

theory, us(k) ¼ ck þ O(k3); i.e., a linear function with a first

higher-order cubic correction term. Fig. 7 shows that although

the linear approximation for us(k) is quite good for small k, the

inclusion of the next term furnishes a description that is valid

also for intermediate k-values. Without the cubic term, the

sound velocity becomes c¼ 1670 5 84 m s�1. With the cubic

term, the larger value c ¼ 1989 5 100 m s�1 is obtained.

FIGURE 7 Position of the Brillouin lines, us, and the position of the

maximum of the current correlation function, umax, calculated from a fit

of simulation data to Eq. 15 (circles). (Solid lines) Linear fits to the solid

and open circles at k < 5 nm�1, and (dotted line) fit to us(k) with a first

correction term included. (Inset) us(k) and umax(k) in all domains of the

spectrum. A dispersion gap is visible at ~kG ¼ 14.3 nm�1.

FIGURE 8 The calculated static structure factor, S(k), from our simula-

tions. kG ¼ 14.3 nm�1 is a well-known peak, characteristic of the hydro-

carbon chain-chain distance. (Inset) Pair distribution function g(r) obtained

by Fourier transformation of S(k).
The width of the Brillouin lines

The Brillouin lines are several orders-of-magnitude broader

than the Rayleigh line and it is therefore a relatively simple

task to resolve them from MD simulation data. They arise

from pressure fluctuations in the system (6) which propagate

with the sound velocity c, on lifetimes ~Gs
�1. Wider Bril-

louin lines means that these phonons decay faster.

As shown in the Theory section, the predicted width of the

Brillouin lines is Gs(k)¼ bk2, where b is the sound attenuation

coefficient. The value b determines the damping of the sound

modes in the system, in a similar manner to DT, in the case of

the Rayleigh mode. In contrast to the Rayleigh line, the Bril-

louin lines show a linear growth of the width for small k. This

suggests another behavior in the hydrodynamic limit than pre-

dicted from theory. Still, a fit of data to a quadratic function

could be performed in the low k domain, although deviations

are evident (Fig. 9). We note that the value of the sound atten-

uation coefficient obtained from this procedure, b ¼ (2.8 5

0.6) � 10�7 m2 s�1, is similar to values calculated from

MD data on liquid Argon (44). Further, when extending the

analysis of Gs(k) over all domains of the spectrum, one finds

resemblance between umax(k) and Gs(k) (Figs. 7 and 9, insets).

This implies a connection between the lifetime of the pressure

fluctuations represented by the phonon modes and the current

fluctuations in the system.

The asymmetric contribution to the Brillouin lines is

xðkÞ ¼ ½b þ DTðg� 1Þ�c�1hzk; (20)

so that z z b/c if b>>DT. By determining z from the power

spectrum and using our calculated value of c, we obtain b z
5.1 � 10�7 m2 s�1—which is larger than the value obtained

from a fit of the line-width to a quadratic function.

FIGURE 9 The width of the Brillouin lines, Gs, in the hydrodynamic limit

calculated from a fit of simulation data to Eq. 15 (circles). Data shows

a linear relation (solid line) up to k ¼ 8 nm�1, not a quadratic (dotted
line) as predicted by hydrodynamic theory. A best fit to a quadratic depen-

dence yields a sound attenuation coefficient b¼ (2.8 5 0.6)� 10�7 m2 s�1.

(Inset) Gs(k) in all domains of the spectrum.
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The asymmetry, as reflected by x(k), is more pronounced

for larger values of k. In light scattering experiments, where k
typically is ~0.01 nm�1, the asymmetry is difficult to detect

because z is ~0.1 nm, resulting in Brillouin lines that are

almost perfect Lorentzians. For larger wave vectors of

~0.1–10 nm�1, probed in, e.g., MD simulations and x-ray

or neutron scattering experiments, the asymmetry may be

more important. From our results, one sees that x(k) is

~0.05 at k ¼ 0.34 nm�1, which results in quite symmetric

Brillouin lines; the lines are quite asymmetric at k ¼ 5

nm�1, where x(k) is of order unity.

The Landau-Placzek ratio

The Lorentzian line shapes in Eq. 15 lead to some simple

results for the integrated intensities of the Rayleigh mode,

IR, and each of the Brillouin modes, IB (note that the asym-

metric parts of the Brillouin modes do not contribute to the

integrated intensity):

IR ¼
g� 1

g
SðkÞ and

IB ¼
1

2g
SðkÞ:

(21)

From this the Landau-Placzek ratio (45) is defined as

RLP h IR/2IB, which gives RLP ¼ g � 1 (with g ¼ cP/cV). In

the k range studied (0.34–30 nm�1), the modes overlap to

varying extent, so a reasonable numerical value would hint

that the separation of the modes has been properly done. In

principle, this also provides a way to determine cP/cV from

the simulations, but in practice it turns out that the uncer-

tainty is too large for this to be of much value.

There are difficulties with a direct numerical integration of

the three peaks. The lines overlap increasingly with growing

k, making it impossible to separate the thermal and acoustic

contributions unless k is fairly small (<5 nm�1). On the other

hand, the width of the central Rayleigh line, Gh, is approxi-

mately three-orders-of-magnitude smaller than that of the

Brillouin lines, Gs. The Rayleigh line will thus be a single

point at u ¼ 0, unless one would go to large k, which would

make the peak separation problematic. We chose to sacrifice

a rigorous test of the shape of the Rayleigh peak and assume

that it is

SRðk;uÞ ¼
Smax

1 þ ðu=GhÞ2
; (22)

which has the Lorentzian properties SR(k, Gh) ¼ Smax/2 and

SR(k, 0)¼ Smax as expected. Then IR¼ pGhSmax, where Smax

is accurately determined from the point at u¼ 0 and Gh from

fitting a few points close to u ¼ 0 to a Lorentzian function.

The value IB could then be determined by numerical integra-

tion of S(k, u) as IB¼ Itot – IR (Eqs. 14 and 21). This resulted

in the Landau-Placzek ratios shown versus k in Fig. 10 . We

obtain the value of the specific heat ratio g ¼ 1.06 5 0.01.
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We are not aware of any direct measurements of this ratio for

lipid bilayers, but the specific heat ratio may be written as

g ¼
�

1� a2T

nkcP

��1

; (23)

using exact thermodynamic relations. Here, a is the thermal

expansion coefficient, k the isothermal compressibility, n is

the number density, and T the absolute temperature. The

material constants are experimentally known, but with low

precision (both the isothermal compressibility and the

thermal expansion coefficient suffers from uncertainties of

~50%). Based on literature data (see, e.g., the compilation

in (42)), one obtains g ¼ 1.04–1.20, depending on the

specific values used for k and a. For what it is worth, we

note that g calculated from the Landau-Placzek ratio of the

simulations falls in this interval.

DISCUSSION

Considerable effort has been put into understanding liquids

in terms of generalized hydrodynamics. Studies have been

conducted using a variety of methods including inelastic

x-ray scattering (1), inelastic neutron scattering (2,4,43),

neutron spin-echo techniques (17), and computer simula-

tions (3,19) to determine the space and time Fourier-trans-

form of the density-density correlation function, the elusive

S(k, u). Attention was initially directed toward simple

systems such as Lennard-Jones fluids, and in recent time

more complex systems, such as lipid bilayers, have gained

interest. In the later category, this work is, to the best knowl-

edge of the authors, the computational study that thus far

covers to the most extensive (k, u) regime. The dynamics

of complex fluids, of which lipid bilayers are one example,

FIGURE 10 Landau-Placzek ratio calculated by numerical integration

(circles) as described in the text. The calculations are not well founded for

k > 5 nm�1 because a separation of the modes is unworkable. In the low

k domain, we find RLP ¼ 0.06 5 0.01, corresponding to a specific heat ratio

g ¼ 1.06 5 0.01.
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is generally complicated. In many processes of such kind,

parts of the correlation functions decay very slowly and

the systems undergo large fluctuations. This type of

dynamics can have biological significance; fluctuations in

lipid membranes are important since they may affect the

permeability of the membrane for different molecules, thus

changing the properties of biological transport processes.

However, a biological membrane is much more complex

than a model bilayer like that of this study, and contains

different types of lipids, proteins as well as ions. This

work could therefore be seen as one of the first steps toward

a more coherent understanding of this type of phenomena.

Due to a large system (1024 lipids), wave vectors down to k
¼ 0.34 nm�1 can be analyzed. The length of the simulations

permits an energy resolution of 0.01 meV without too much

noise. The statistical quality of the data has been improved

by sampling several independent simulations and has allowed

for a rigorous investigation of the dynamics in lipid bilayers in

terms of a three-mode dynamic structure factor. We have

made an effort to probe the behavior of the membrane in the

hydrodynamic limit. The study confirms that a three-mode

function is useful for S(k, u) in the low and intermediate

domains, up to ~20 nm�1, after which a high k regime enters

where the Rayleigh mode dominates the spectrum. However,

the behavior predicted by standard hydrodynamic theory is

only valid in the low domain, until ~5 nm�1, whereupon the

Rayleigh-Brillouin triplet tends to overlap so much that the

three lines cannot be separated.

The width of the Rayleigh line is so narrow that a resolution

of Du ¼ 0.01 meV was inconclusive for a full mapping. The

relation Gh(k) ¼ DTk2, predicted by theory, could be tested

and was found to hold. The value of DT found by fitting the

Rayleigh peak data to one single Lorentzian is approximately

one-order-of-magnitude smaller than earlier reported results

(1,19). However, a much better fit is obtained using two Lor-

entzian functions. One of the line-widths is then very similar

to that of the single Lorentzian fit and corresponds to an expo-

nential relaxation process with a time constant of 200 ns for

the lowest wave vector (0.34 nm�1) accessible in this study,

and<100 ps at the other end of the wave vector interval. The

second peak is broader and represents a relaxation process

that is approximately one-order-of-magnitude slower. The

thermal diffusivity obtained from the width of this peak is

similar to those reported in previous studies (1,19). The

same type of dynamics with two different relaxation

processes on separate timescales has been reported by the

literature (17,43) in studies using inelastic neutron scattering

on stacked DMPC bilayers. Our simulations agree with their

results, even though our data is limited in its statistical accu-

racy for long times and low wave vectors. Scattering experi-

ments on DPPC lipids at higher temperatures (46) have also

shown that the shape and the decay of the intermediate scat-

tering function can be complex. Longer, large-scale MD

simulations are needed to explore the details of these correla-

tion functions.
Further, we explicitly show that the use of a window func-

tion, which broadens the spectrum lines, heavily influences

DT (Table 2).

The positions of the Brillouin lines followed a linear rela-

tion, 5us(k) ¼5ck, in the low k domain as expected in the

hydrodynamic limit. The extracted sound velocity c was very

similar to earlier studies (18). If a first-order, cubic correction

from hydrodynamic theory was included in the description

so that us(k) ¼ ck – c3k3, the prediction was accurate in

the intermediate domain as well. This gives a slightly larger

value for c. Here, c3 is a function of material constants

appearing in Eq. 11. A comparison of its value, obtained

from a fit to that which can be calculated from the specific

material constants, is of little use, because the experimental

values of these constants are too uncertain.

A dispersion gap, when the Brillouin doublet centers at

u¼ 0 was found to emerge at ~kG, the chain-chain correlation

peak of the static structure factor. This corresponds to a situa-

tion where mechanic waves that spread in the membrane on

large length scales are damped at short length scales until

propagation ceases. Similar dispersion gaps have been found

in simple liquids (47) and have also been suggested to occur

in lipid bilayers (3). Our results support these suggestions.

The width of the Brillouin lines was more than two-orders-

of-magnitude larger than that of the Rayleigh line and could

be determined accurately down to low k. For k-values up to

8 nm�1, a linear relation between the line width and the wave

vector was found instead of the quadratic one predicted by

theory, and presumed in earlier studies with coarser k-resolu-

tion. We do not have a theoretical explanation for this, but as

seen from the error bars in Fig. 9 this is not due to statistical

errors. The widths of the Rayleigh lines seem to be in quan-

titative agreement to the results obtained from MD simula-

tions (3,19) and x-ray scattering experiments (1).

The Landau-Placzek ratio RLP was calculated for small k,

when the lines of S(k, u) was most separated as a Rayleigh-

Brillouin triplet. It turned out to be nontrivial to account for

the overlap of the peaks in all domains of the spectrum. The

best results were obtained for the lowest k-values where RLP

converged to 0.06 5 0.01, which compares to a rough esti-

mate from thermodynamic relations in the interval 0.04–

0.20. From this, we may only conclude that our result is

not unreasonable, but both simulation data and experimen-

tally determined material constants for the lipids are too

uncertain to give a more conclusive answer.

The size of the system (~105 atoms) and simulation time

(~150 ns of statistics) of this work is touching the upper limit

for atomistic simulations at present. Further theoretical

studies give promising prospects to reveal the atomistic

details and physical natures of the different relaxation

processes that contribute to the Rayleigh line. The main

lesson to take home is that even though some deviations

from hydrodynamic behavior are evident, general hydrody-

namic theory is fairly valid up to ~5 nm�1 and S(k, u) can

be described by three modes up to ~20 nm�1.
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17. Rheinstädter, M. C., W. Häussler, and T. Salditt. 2006. Dispersion rela-
tion of lipid membrane shape fluctuations by neutron spin-echo spec-
trometry. Phys. Rev. Lett. 97:048103.

18. Chen, P. -J., Y. Liu, T. M. Weiss, H. W. Huang, H. Sinn, et al. 2003. Studies
of short-wavelength collective molecular motions in lipid bilayers using
high resolution inelastic x-ray scattering. Biophys. Chem. 105:721–741.

19. Tarek, M., D. J. Tobias, S.-H. Chen, and M. L. Klein. 2001. Short wave-
length collective dynamics in phospholipid bilayers: a molecular
dynamics study. Phys. Rev. Lett. 87:238101.

20. Van Hove, L. 1954. Correlations in space and time and born approxima-
tion scattering in systems of interacting particles. Phys. Rev. 95:249–262.

21. Mountain, R. D. 1966. Spectral distribution of scattered light in a simple
fluid. Rev. Mod. Phys. 38:205–214.

22. Boon, J. P., and P. Deguent. 1970. Transport functions and light scat-
tering in simple dense fluids. Phys. Rev. A. 2:2542–2550.

Biophysical Journal 96(5) 1828–1838
23. Van Der Spoel, D., E. Lindahl, B. Hess, G. Groenhof, A. E. Mark, et al. 2005.
GROMACS: fast, flexible, and free. J. Comput. Chem. 26:1701–1718.
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